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I. INTRODUCTION

The unextendible product bases (UPBs) have been applied to various quantum-
information processing in the past decades. First, UPBs help construct positive-
partial-transpose (PPT) entangled states [1-5], the nonlocality without entangle-
ment and Bell inequalities [6-15], genuine entanglement [16], and Schmidt num-
ber [17]. Multipartite UPBs have been related to the tile structures and local
entanglement-assisted distinguishability [18]. Further, multiqubit UPBs have ‘re-
ceived extensive attention [19, 20] due to the role of multiqubit system in quantum
computing and experiments [21]. For example, the three and four-gubit UPBs have
been fully studied in terms of programs [22, 23]. Some seven-qubit UPBs of size ten
have been constructed [24]. Further the exclusion of n-qubit/UPBs ofsize 2" — 5
[25] has solved an open problem in [23]. Nevertheless, the understanding of multi-
partite UPBs is still far from a complete picture/In particular; It is an intriguing
problem to find the relation between multiqubit’ UPBs _and multipartite UPBs in
high dimensions, because the latter are usually harder to-construct. This is the first
motivation of this paper.

On the other hand, it is known that PPT entangled states are not distillable. That
is, they cannot be asymptotically eonverted into Bell states under local operations
and classical communications (LOCC), while’ Bell states are necessary for most
quantum-information tasks such as teleportation and computing. In contrast, some
PPT entangled states can-beused tocreate distillable key [26]. the PPT entangled
states are related to the entanglement distillation problem [27, 28], the detection
of entanglement [29,°30); as .well, as“multipartite genuinely entangled states and
entanglement-breaking subspaces [31, 32]. The study of multipartite PPT states
has also been‘devoted to-the separability of completely symmetric states [33], the
separability. of symmetric.states and vandermonde decomposition [34]. Hence, it is
an important:problem to construct novel PPT entangled states from UPBs, which
mayevidently motivated the study of fore-mentioned topics. This is the second
motivation of this paper.

In this paper, we construct a family of 2 x 2 x 4 UPBs of size eight by using
the merge of some systems of existing four-qubit UPBs of size eight in Theorem
1, as well as a family of 2 x 2 x 2 x 4 UPBs of size eight by using the existing
five-qubit UPBs of size eight in Theorem 2. In particular, we shall show that the
resulting set by any one of the four merge AD, BC, BD, and CD in Eq. (2) is not
a 2 x 2 x 4 UPB, and the resulting set by any one of the two merge AB and AC
in (2) is a 2 x 2 x 4 UPB of size eight. Further, the resulting set by any one of
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the four merge AB, CD, CE and DE in (21) is not a 2 x 2 x 2 x 4 UPB, and the
resulting set by any one of the six merge AC, AD, AE, BC, BD and BE in (21)
isa2x2x2x4UPB of size eight. As an application, we construct two families
of multipartite PPT entangled states, and evaluate their entanglement in terms
of geometric measurement of entanglement. In particular, we construct the upper
bound of one family of tripartite PPT entangled states in terms of its parameters.
Our work shows the latest progress on the construction of multipartite. UPBs and
PPT entangled states by means of UPBs.

The rest of this paper is organized as follows. In Sec. II we introduce the prelim-
inary knowledge used in this paper. In Sec. III and IV, we respectively construct a
family of 2 x 2 x4 and 2 x 2 X 2 x 4 UPBs. Using them, we establish two families
of PPT entangled states, and explore the properties of their entanglement in Sec.
V. Finally we conclude in Sec. VI.

II. ‘PRELIMINARIES

In this section we introduce the preliminary knowledge used in this paper. We
work with an n-partite quantum-system Aj, As,--- , A, in the Hilbert space H =
Hi1® - @H, = C'"®..®C% »An nspartite product vector in H is denoted as |1)) =
1) ®- - ®lay) = |ay," .., a,) with |a;) € H;. Although the normalization factor
is necessary for the'interpretation'of quantum states, we do not always normalize
product vectors for the sake'of mathematical convenience. Next, a set of n-partite
orthonormal product vectors{|a; 1), ..., |a; )} is an unextendible product basis (UPB)
in H, if there is no n=partite product vector orthogonal to all product vectors in the
set at.thesame time. In particular, the n-qubit UPB exists when d; = 2 for any 1.
For'stmplicity when n = 5, we refer to Ay, Ay, A3, Ay and A; as A, B,C, D and F,
respectively. We have C2 C? @ C2@ C? R C? := HaQ Hp @ He ® Hp ® Hp, and

Hap := Har®Hp, and so on. We take the vectors |0) := [é] and [1) := [(1)] , so that

the'set {]0), [1)} is a qubit orthonormal basis in C2. We shall denote a general qubit
orthonormal basis by {|z), |2)}, with x = a, b, ¢ and so on. It is straightforward to
verify that, a UPB remains a UPB if we switch the systems or perform any local
unitary transformation [24]. We say that two UPBs are equivalent if one UPB can
be obtained from the other by the switch or local unitary transformation.



III. TRIPARTITE UPBS FROM FOUR-QUBIT UPBS

In this section, we construct a tripartite UPB of size eight, by using an existing
four-qubit UPB S of size eight in the space H4 @ Hp ® He ® Hp. The UPB S was
constructed in [23]. For convenience, we describe the matrix of S in (1). Note that
the first row of (1) means the product state |0,0,0,0) in S, and one can similarly
figure out all elements in S. The matrix representation of a UPB has been used to

characterize the four-qubit orthogonal product bases [35, 36], and four<qubit UPBs
[37].

(000 0]
1 ad a
aa 1 d
a1l ad
Oaalla (1)
1 aadd
al a a
a a 1Y
[0- 00 0]
1 'ad a
0 aa. 1
1 a a~d
CLCLllCL/ (2)
a1 a b
al a a
aad 1V

By switching/rows 3 and_ 5, and rows 4 and 6 in (1), we obtain (2). We merge
two of thesystems A, B, C and D, so that (2) corresponds to a set of 2 x 2 x 4
orthenoermal product vectors. For example, the merge of AB in (2) implies the
set {]0,0)]|0}|0),|1,a)|a’}|a), ..., |a’,a’)[1)|b)}. One can verify that there are six ways
for the merge,namely AB, AC, AD, BC, BD, and CD. We present the following

observation:

Theorem 1 The resulting set by any one of the four merge AD, BC, BD, and CD
in(2) is not a 2 X 2 x 4 UPB. The resulting set by any one of the two merge AB
and AC in (2) is a 2 x 2 x 4 UPB of size eight.

Proof. We prove the claim by six cases (I)-(VI). They respectively work for
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the system merge CD, BD, BC, AD, AC and AB in (2). Using the merge, we shall
refer to the set of orthonormal product vectors corresponding to (2) as Sy, ..., Sg,
respectively, in the six cases (I)-(VI). Further, if any two systems of A, B,C, D
merge then evidently they are in C*. For example, the merge of CD makes the set
of four-qubit orthonormal vectors corresponding to (2) become 2 x 2 x 4 orthonormal
vectors in C? @ C2 @ Cr=H4 @ Hp @ Hep.

(I) When we merge the system CD, one can verify that theiset Sy“in (2) is orthog-
onal to |a,d’, x1) a.p.cp € Ha ® Hp ® Hep, where |x7) is.orthogonal t6.10,0), |1, a’)
and |a,a). So &1 is not a UPB in Hq ® Hp ® Hep.

(IT) When we merge the system BD, one.can verify that the set Sy in (2) is
orthogonal to |da’, a, x2) a.c.5p € Ha R He @ Hpp, where |z5) is orthogonal to |0, 0),
11,0) and |a’,b"). So Sy is not a UPBinHy @ He® Hpp.

(III) When we merge ‘the system"BC, one can verify that the set Ss in (2) is
orthogonal to |1, a, z3) a.p.5c € HAQHp @ Hpe, where |z3) is orthogonal to |a, a’),
11,a) and |d’, 1). Se'S3'is not a.UPB in Hq ® Hp @ Hpe.

(LIV) When we.merge the system AD, suppose the set Sy in (2) is orthogonal to
0, ay24) p.c:ap € Hp @ Ho @ Hap, one can verify that |z4) is orthogonal to |0,0),
la,a’) and |5 b). So Sy is not a UPB in Hp ® He @ Hap.

(V) Before carrying out the proof, we label a,a’ in column three and four of
(2) as ag,ay and ag,alj, respectively. To prove the assertion, it suffices to find
some 2 X 2 x 4 UPBs in (2) by merging system AC. So we construct the following



expressions related to (2).

sin 3
— COS T3

sin x4

— CoS Ty

0
0

Sin x4

— CoS X4

las) = COS T3 "o
Cl3> - Sinﬂfg ) ’CL3> -
COS T4
ay) = sina | |ay) =
1) = |e2) = |1, a)) =
0
COS T
les) = las, 1) = | ’

sin‘s

SIn T3 CoS T4

|cs) = |ag ag) =

sin x3'sin xy

Y

— GOST3 COS Ty
— C0S T3 81N Xy

COS I3 COS X4

c7) = |as, as) =

Sin x3 COS X4

COS T3 SIn X4

sin 3 sin xy

0

sin x
o) = lab, 1) = | "

— COS T3

(10)

(12)
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Using these equations, we construct the 4 x 7 matrix (|c2), |c3), ......, |cs)) as follows.
0 0 sinrzcosxry sinxy 1 cosxszcoszy 0
0 cosx3 sinrzsinxy —cosxy 0 cosxgsinry sinxg (13)
sin x4 0 —cosx3coszy 0 0 sin a3 cos x4 0
— COSTy4 SINT3 — COSX3Sin Xy 0 0 sinxgsinxry — cosTs

We merge the system A,C, and suppose that the set S5 = {|a;,b;,¢;)17 = 1,..., 8§
in (2) is orthogonal to

|w, v, 25) p.p:ac € Hp @ Hp @ Hac. (14)

Hence |u, v) is orthogonal to some of the eight two-qubit produet vectors |aq, by),. . . ,|as, bs)-
By checking the expression of (2), one can show that each.column of(2) has at most
three identical elements. In particular, the set {|a;)} has at most three identical
elements, and the set {|b;)} has at most two identical elements./As a result, |u, v)
is orthogonal to at most five of the eight product vectors'|ai, b1),. .. |as, bs). We
discuss three cases (V.a), (V.b) and (V.c).

(V.a) Up to the permutation of subscripts in Sy "we may assume that |u,v) is
orthogonal to exactly five product vecters,|a, b1); |as; ba),..., |as, bs). That is, |u) is
orthogonal to m of the five vectors, |ay), |az), ..,%as), e.g. |a1), ..., |a,) and |v) is
orthogonal to |b,41), ..., |bs). Using the property of set S5 in (2), one can show that
m = 3, that is, |u) is orthogonal to three identical vectors |a;), |ag) and |a3) € Hp,
|v) is orthogonal to two identical vectors |b3) and |by) € Hp. However the product
vectors |ag, by), ..., |a4,b1) donotoccupy five rows of the matrix of S. So |u, v) is not
orthogonal to five product vectors,in Ja;, b;), which means this case is not possible.

(V.b) Up to the permutation of subscripts in S5, we may assume that |u,v) is
orthogonal to exactly four product vectors |ay, b1), |as, b)), |as, b3), and |a4, by). So
|z5) is orthegonal to.four-of the eight product vectors |c1), ... , |cs). By observing
them, one Gan agsume that |c1)=|c2). Let the four product vectors be |c;,), |cj,),
iy l¢,),  respectively, where 71, jo, 3, ju are distinct integers in [2,8]. So there
are 35 distinct-matrices, which are formed by choosing the arrays (ji, jo, j3, j4) as
(2,3,4,5)42,3,4,6),...,(5,6,7,8), respectively. Because |z5) is orthogonal to |c;,),
ciy)s |€), |cj,), we obtain that the matrices have determinant zero. According to
our calculation, there are exactly three matrices of determinant zero, whose arrays
are(2;3,5,7), (2,4,5,8), (3,5,6,8), respectively. However by checking Ss in (2), one
can see that for each array, there is no |u, v, x5) orthogonal to Ss. It is a contradiction
with (14).

(V.c) Up to the permutation of subscripts in S5, we may assume that |u,v) is
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orthogonal to at most three product vectors |a1,b1), |ag,ba), |ag,bs). So |zs) is
orthogonal to five of the eight product vectors |c1), ... , |cs). By observing them,
one can assume that |c;) = |c2). Let the five product vectors be |c;,), |¢),), |¢)s),
Ici,)s |ej.), respectively, where ji, jo, J3, ja, j5 are distinct integers in [2,8]. Because
they are orthogonal to |x5), they are linearly dependent. Hence, any four of |c;,),
1ciy)s |Cis)s |i,), |js) form a 4x4 matrix of determinant zero. So at least five of the 35
matrices in (V.b) have determinant zero. It is a contradiction with the calculation
in (V.b), namely there are only three matrices of determinant zero. Hence this case
is not possible.

To conclude, we have excluded the three cases (V.a), {V.b); and (V.c)-" So the set
Ss = {|aj, bj,¢;),j=1,..,8}in (2) isa 2 x 2 x 4 UPB'inHp @ Hp® Hac.

(VI) We convert the set Sg in (2) in the space Heo @ Hp ® Hap into the UPB S;
in case (V), by switching column 2 and 3’and a series of row permutations on the
matrix (2). It implies that the matrix-S.is‘also a UPB € He @ Hp @ Hap. We list
the switch and permutations on (2) as follows.

00 0 0
1 ap aj.ay
0 azx ay 1
L ay af a)
ay ay 1 a)
CLll 1a3b4
CL116L36L4
ay a5 1 b

— switching rows 3 and 5, and rows 4 and 6 —

00 0O
1 ay af ay
a; ay 1 a)
ay 1 az b
0 ay a; 1
1 ay afy a)
a11a3a4

! /
ay ay 1 b




— switch row 1 and 6 —

1 ay a3 ay
1 as aly ay
a; ay 1 ad
ay 1 a3 b
0 agay 1|’
0 00O
aq 1 as a4
ay a, 1
— switch column 2 and 3 —

(1 a ay af]

1 af ay ay

a; 1 aj a)

ay az 1

0 d € Haebb,

00 00

ar az 1< Gy

/ / /

ay lrasb

— switch row 1 and 2, 3 and/7, 4 and 8 —

1 a5 asy ay ]
1 ay ay a)
ay as 1 ay
ay 1 ah v
0 afas 1
0 0 0O
a; 1 a) a)
ayaz 1 b

(17)

(18)

(19)

In column-2 and 3 of this matrix, we switch (aj},a3) and (ag,a)), in column 4 we
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rename (ay, ay,b,b') as (a}, as,b’,b). So we obtain
_ R

1 ap a3 ay
/

1 az a3 a4

a; ahy 1 a)

/

a; 1 as b
/

0 az ag 1

0000

aq 1 as aq

ajy ah 1V

e Hp Q@ Hp @ Hac, (20)

where the final matrix (20) is exactly the matrix S5 in (2).”Sothe setSg.in (2) is a
2x2x4UPBin Hoe ® Hp @ Hag.

In conclusion, we have proven the assertion in terms of the six cases (I)-(VI). This
completes the proof. O

IV. FOUR-PARTITE UPBS FROM_FIVE-QUBIT UPBS

In this section, we construct a four-partite UPB of size eight, by using an existing
five-qubit UPB T of size eight in the'space HaQ@Hp @ He ® Hp @ Hr. The UPB
T was constructed in [23]. For gonvenience; we describe the matrix of 7 in (21).
Note that the first row of (21) means the.product state |0,0,0,0,0) € T, and one
can similarly figure out all elements. in.7 .

-0C0,0 0 0]
00 1CL4CL5
a; az ag 1 af
a; ag ay ay 1
1a’21)3b4b5
1 a)y by ¢y cs
ay 1 c3 b o
ay 1 ¢ ) b

We merge two of the systems A, B, C, D and E, so that (21) corresponds to a set
of 2.X 2 x 2 x 4 orthogonal product vectors. For example, the merge of AB in (21)
implies the set {|0,0)|0)|0)|0), ..., |a], 1)|c5)|ci)|b5) }. One can verify that there are

ten_ways for the merge, namely AB, AC, AD, AE, BC, BD, BE, CD, CE and DE.
We present the following observation.

Theorem 2 Suppose (21) is real. The resulting set by any one of the four merge
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AB, CD, CFE and DE in (21) is not a 2 x 2 x 2 x 4 UPB. The resulting set by any
one of the siz merge AC, AD, AE, BC, BD and BE in (21) is a 2 x 2 x2 x4 UPB
of size eight.

Proof.  We prove the claim by ten cases (I)-(X). They respectively work for the
system merge AB, CD, CE, DE, AC, AD, AE, BC, BD and BE"in (21). Using the
merge, we shall refer to the set of orthonormal product vectors corresponding to
(21) as T, ..., Tip, respectively, in the ten cases (I)-(X). Further..if.any two systems
of A, B, C, D, E merge then evidently they are in'€* . For_example, the merge of
DE makes the set of four-qubit orthonormal .vectors corresponding to (21) become
2 X 2 x 4 orthonormal vectors in C? @ C2.@C?.Q C*= Hs4®@ Hp @ He @ HpE.

(I) When we merge the system AB;-one can werify that the set 7; in (21) is
orthogonal to |1, d}, as, ya)c:p:p:ap'€ He @ Hp@H g @ H ap, where |y,) is orthogonal
to |a, az), |1,a)) and |a}, 1).So Tis not a-UPB in He @ Hp @ Heg @ Hap.

(I) When we merge~the system’ CD, one can verify that the set 75 in (21) is
orthogonal to |a}, asses, i) a:B:.0p € HaQHBRHER®Hcp, where |y;) is orthogonal
to |0,0), |1,a4) and |es, c}). So Tz is not a UPB in Ha @ Hp @ Hr & Hep.

(IIT) When we merge the system CE, one can verify that the set 73 in (21) is
orthogonal to'|a}s as, by, Y2) 4.5.0.cE € HAQHRHpR@Hcp, where |ys) is orthogonal
to [0,0),.[1, as) and |c;,b5). So T3 is not a UPB in Ha ® Hp @ Hp @ Hep.

(IV)..When" we merge the system DE, one can verify that the set 7 in (21) is
orthogonal to |a}, az, ¢35, y3) a:B.c:pE € HaQHBRHcRHpE, where |ys) is orthogonal
00,0V, |a4, as) and |c),b). So Ty is not a UPB in Hy @ Hp @ He @ Hpe.

In the following, we investigate the merge of system AC, AD, AE, BC, BD and BE
in (21), respectively. For this purpose, we consider the positive numbers z;, y;, w; €



(0,7/2) and

1 1) = 0
0]’ 1
COoS X1 ]
sinzy |’ 1
COS X9 o
sinxy |’ 2
COS I3 o
sinxs |’ 3
COS X4 ) =
sinxy |’ 4
COS T a!
sinxs |’ 5
cosys|
sinys |’ 5
COS Y4 W
sinyy | 4
COS s i
sinys |’ y
COS W3 o
sinws |\’
COS Wy |
. c
| sinwy |’
COS W |
. c
| sinws |’
0 0 0O
010 ay
al az ao 1
a; ay ay aj
1 b3 CL/2 b4
1 by ahy ey
/ /
CLl CS 1 4
a) 5 1 ¢

sin ry
— Ccos 11
sin o
— COS X9
sin 3
— COS X3
Sin x4
— CcOSTy
sinas
—.COS X5

sin /3
— COS Y3
sin Y4 |
| ='COS 4 |

Sin s

| — COS Y5

sin ws
— COS W3

Sin wy
— COS Wy

sin ws

| —cosws |

12

(23)
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(V) When we merge the system AC of the set 75 in (21), we switch column B and
C, and obtain the matrix in (23). The first two columns of (23) consists of the
following eight rows.

|€1> = ‘070> = ) (24)

le2) = 0,1) =

OOP—‘O::OOOH

[cos z1 cos.xy

COS X1 Sinx3

le3) = la1, a3) = SIN.Zy'€0S T3

Sin 21 81n 3

COS X1 SIN.T3
— COS Z1:COS T3

_ KA
le4) = Ja1, agh S sin 7y 'sin 73

| = SUI'xy COS X3
-0
0
COS U3
| siny3
[0
0
sin 3

les) = |1, b3). =

|€6> - ‘17bf’5> —

| — COS Y3

sin r1 cos ws
o _ | sinzgsinws

le7) = lay, c3) = :
— COS I1 COS Wy

| — cos x1 Sin ws

[ sin 2 sin ws

|e>—\a’ c’)— — sin o1 cos w3
8/ IR _ cos y sinws

| COST1 COS W3
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Let [|e1), ..., les)]=

1 0 coszjcosxy cosxysinxs 0 0 sinxpcoswsg  sinxpsinws
01 cosxrysinxy —coszycosxy 0 0 sin xp Sinws — SIN X7 COS W3
0 0 sinzycosxy sinxysinrg Ccosys Sinys — COST|COSW3 — COS T Sinws

0 0 sinz;sinxsy —sinx;cosxs sinys — COSY3 — COST1SINW3 COS X1 COS W3
(25)

Suppose that the five-qubit set
73 = {laj7 b]7 Cj, ej>;j — 1, ceey 8}

in (23) is orthogonal to the product vector |u,v,w,ys)p.pmac € Hp @ Hp ®
He @ Hae = C?® C? ® C?> ® CL. Hence |u,v,w)”is orthogonal to some of
the eight three-qubit product vectors |ay, by, c1), ....|as,bsics). - Up to the permu-
tation of subscripts, we may assume that |u,v,w) is orthogonal to k product
vectors |ay, by, cr), ..., |ag, b, ¢y, and |ys) is_Orthogonal~to.(8-k) product vectors
| frs1), - | fs). By checking the expression of 75, one can.show the property that
each column of the matrix of 75 has at 4nost two identical elements. In particu-
lar, the set {|a;)} has at most two identical elements, and the set {|b;)}, {|c;j)}
has no identical elements. So we-obtain k£ <5y and it suffices to study the case
k=4. Hence, |u,v,w) is orthogonal-to exactly four of the eight product vectors
\ay, b1, ¢1), ..., las, bs, cs). At the same time, |y;) is orthogonal to four of the eight
product vectors |ey), ..., |es). Sothe fourwectors form a 4 x 4 singular matrix, which
has rank at most three.~However; by applying Matlab to matrix (25), we have shown
that such a matrix dees not exist.w Hence, the product vector |u,v,w,ys)p.p.g.ac
does not exist. We have proven that 75 = {|a;, b;,¢j,¢e;),j = 1,...,8} is a four-partite
UPBin Hp @ Hp @ Hr & HAuc.

(VI) When.we merge the system AD of the set Tg in (21), we switch column D —
B — € — D, and obtain the matrix in (26).

(0 000 0]
0 ay O 1 aj
a; 1 ay as af
a; ay ag a; 1
1b4a’2b3b5
1 ¢y ab by cs

ay by 1 ¢35 cf

/ / 1./
a; ¢y 1 5 by

(26)




[f1) =10,0) =
[f2) = 10, a4) =
|f3) = la1, 1) =
[fa) = lar, al) =
|f5)/= | T5ba) =
[f6) =1, ca) =

|[f7) = lay, b)) =

| fs) = |a1, C4> =

The first two columns of (26) consists of the following eight rows.

COS T
O Y
| sin 7 |

COS % SIN'wy
— COS' T COS T4
Sin o7 STy
— SIn Z{COS T4
0
0
COS 14
| Sin Yy
[0
0
COS W4

)

| sin wy

sin x sin yy
— SIn 1 COS Y4
— COS 1 SIin Yy

| cos T Cosyy

sin 27 Sin wy
— sin o cos wy
— COS 1 SIn Wy

| cos x1 coswy

15

(27)
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Let [|f1), .-, [fs)] =
1 cosxy O COS T SIN X4 0 0 sinzisiny,  sinaSinwy
0 sinxzy cosxy —cosxzycosxy O 0 —sinxycosys —sSinx; coswy (28)
0 O 0 sinTjsinxy COSY4 COSW4 — COST{SINYy — COS T SIN Wy

0 0 sinxz; —sinxycosxy sinyy sinwg COST|COSYs COST] COS Wy

Suppose that the five-qubit set

7% - {|a’j7bjuc]7fj>7] = 17 78}

in (26) is orthogonal to the product vector |u,v,w,ys)p.c.pap € €* @ C2&C? ®
C*. Hence |u,v,w) is orthogonal to some of the eight threefqubit product vec-
tors |ay, b1, 1), ..., |as, bs, cs). Up to the permutation ofsubscripts, we . may assume
that |u,v,w) is orthogonal to k product vectors |as, bi,e€1), ..., |ag, by, k), and |ys)
is orthogonal to (8-k) product vectors |fii1),...,{fs). By cheeking the expression
of 7g, one can show the property that each-column of.the matrix of 7 has at
most two identical elements. In particular, the set {|a;)} has at most two iden-
tical elements, and the set {|b;)}, {|c;)} has no identical elements. So we ob-
tain £ < 5, and it suffices to study<the case k. ='4. Hence, |u,v,w) is orthog-
onal to exactly four of the eight product vectors-lay, by, c1), ..., |as, bs,cs). At the
same time, |ys) is orthogonal to“four of the,eight product vectors |fi),...,|fs).
So the four vectors form a 4 x 4\ singular'matrix, which has rank at most three.
However, by applying Matlab to matrix (28), we have shown that such a ma-
trix does not exist. Hence, the produet vector |u,v,w, ys)p.c-g:ap does not exist.
We have proven that 7= {|aj, by, ¢, f;),7 = 1,...,8} is a four-partite UPB in
Hp.c:pap = CP @C2e C? ® C4,

(VII) When we merge the system AD of the set 77 in (21), we switch column E
— B = C — D~ E, and obtain the matrix in (29).

(0 000 0]
0 as; 0 1 ay
a; ay as asz 1
a; 1 ay afy a)
1b5a’2b3b4
1 ¢y aby by ¢4

(29)

aj & 1 c3 b
/ / /
a; bs 1 c3 ¢




The first two columns of (29) consists of the following eight rows.

|gl> - ‘070> -

|g;>,> = \alaa@ =

94) = |a1,1) =
|95) = .| 1,b5) =
|96> = \1705> =

l97) = a1, c5) =

|9s) = lax, b5) =

0 )

COS T sin s
— COS '] COS T3
sin xq sin x'
— sin &4.€0S X5
0
COS X'}
0 Y
Sin o
0
0
COS Y5
| sin ys
[0
0
COS W,

| sin wy,

[ sin 2 sin ws
— SIn o cos ws
— COS 1 Sin w

COS T COS Ws

sin 1 sin ¥
— sin &1 oS Y5
— CcOS T SIn Y5

| COS 1 COS Y5

17

(30)
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Let |g1), ..., |gs) =
1 coszs cosxisinzs 0 0 0 sinzisinws  sinxp sinys
0 sinxs —cosxjcosxs cosr; O 0 —sinxycosws — sinxy Ccos Ys (31)
0 0 sin x; sin 5 0 cosys Cosws — COSxySinws — cosxy Sinys |
0 0 —sinxicosxs sinxy sinys; sinws COSX|COSWs  COS T COSYs

Suppose that the five-qubit set

7‘7 — {‘ajabjacjagj>7j = 17 78}

in (29) is orthogonal to the product vector |u, v, w,y7)p.cpup€ C? &C*® C? ®
C*. Hence |u,v,w) is orthogonal to some of the eight thfee-qubit product vec-
tors |a1, b1, ¢1), ..., |as, bs, cs). Up to the permutation, of Subscripts, we may assume
that |u,v,w) is orthogonal to k product vectors/aq; by, c1),".3{ak, bx, cx), and |y;)
is orthogonal to (8-k) product vectors |gr+1)s.%]gs)> By checking the expression
of 77, one can show the property that each column of the matrix of 7; has at
most two identical elements. In particular, the set.{|a;)} has at most two iden-
tical elements, and the set {|b;)}, {[¢;)} has no.identical elements. So we ob-
tain k < 5, and it suffices to study the case/k = 4. Hence, |u,v,w) is orthog-
onal to exactly four of the eight’ product_vectors |ai, b1, c1), ..., las, b, cs). At the
same time, |y;) is orthogonal.to four of the eight product vectors |g1), ..., |gs).
So the four vectors form a4 x4 singular matrix, which has rank at most three.
However, by applying Matlab to matrix (31), we have shown that such a ma-
trix does not exist. .Hence, the product vector |u,v,w,y7)p.p.p.ac does not exist.
We have proven that T = {la;,b5,¢;,9;),7 = 1,...,8} is a four-partite UPB in
HB:C:D:AE - (C2 %Y C2 ® (CQ Y (C4.

(VIII) When we merge the system BC of the set 75 in (21), we switch column
C — B A —.C, and obtain the matrix in (32).

(0 000 0]
0 1 0 a4 as
az ag ap 1 aj
az ay ap ay 1
a’2b3 1 b4b5
ahy by 1 ¢4 cs
1 cga) b
1 & b

(32)




The first two columns of (32) consists of

|h1> - ’070> -

OOP—‘OIIOOOH

|h2> — ‘Ov 1> -

|h3) = |ag, a3) =

|h4> - ’CLQ,CL%> —

|5 )= | dig 23) =

|h6> - ‘al276g3> -

|h7) = |1,¢c3) =

|h8> - ’1,Cg> -

the following eight rows.

[cos z9 cos 23
COS X9 SIN X3
sin r9 coS.r3

| Sin w9 sin g

COS Ty SIN'T3
— COS B9 COS T3
Sin To SINT3

| — sin x5.Cos X3

SI. Z'5.COS Y3
Sin T Sin Y3
— COS T COS Y3
| — Ccos xoSIn Y3

sin o sin y3
— sin x5 COS Y3
— COS Ty SIn Y3

| COS T2 COS Y3

19
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Let [|h1), ..., |hs)]=

1 0 cosxzocosTy cosxosinry  SINToCOSY3  SIN TSN Y3 0 0
01 cosxosinzry —cosxacosxsy sSinxosinys —sinxgcosys 0 0

0 0 sinzocosTy SinTosinTy — COST9COSY3 — COSToSINYs COSwWs3  Sin ws
0 0 sinxgsinxy —sSiNxoCOST3 — COSToSINY3 COSToCOSY3 SiNwg — COS W3

(34)
Suppose that the five-qubit set
7;; = {\aj, bj, Cj, hj>,j = 17 ceey 8}

in (32) is orthogonal to the product vector |u,v,w,ys)apppe€ C*&C? @ C? ®
C*. Hence |u,v,w) is orthogonal to some of the eight three-qubit product vec-
tors |ay, by, c1), ..., |as, bs, cs). Up to the permutation of subscripts, we may assume
that |u,v,w) is orthogonal to k product vectors’|ay,b1; 1), ., Jag, by, cx), and |ys)
is orthogonal to (8-k) product vectors |hgi1),+.5]hs). By ehécking the expression
of 7g, one can show the property that each column of _the matrix of 7g has at
most two identical elements. In particulary the set{la;)} has at most two iden-
tical elements, and the set {|b;)}, {|¢;)} has noidentical elements. So we ob-
tain £ < 5, and it suffices to study the case kv = 4. Hence, |u,v,w) is orthog-
onal to exactly four of the eight preduct-vectors |ai, b1, c1), ..., |as, bs, cs). At the
same time, |yg) is orthogomal-toifour of the eight product vectors |hq), ..., |hs).
So the four vectors form.a 4. x4 singular matrix, which has rank at most three.
However, by applying~Matlab to (matrix (34), we have shown that such a ma-
trix does not exist. Henee, the product vector |u,v,w,ys)4.p.p.pc does not exist.
We have proven that-Ts = {|aj,b;,¢;,h;),7 = 1,...,8} is a four-partite UPB in
Happpe =€ C* @ C* C.

(IX) When we merge the system BD of the set Ty in (21), we switch column
D — B —~ A—.C — D, and obtain the matrix in (35).

(0 000 0]
0 ay O 1 aj
az 1 ay as af
as ay a; as 1
a’2b41b3b5
ab cg 1 by cs

/ / /
1 b4 al C3 65

/ / 1./
L ¢y ay ¢5 b

(35)




The first two columns of (35) consists of the following eight rows.

1

. 0
i) =10,0) = [o]

0

72) = 10, a4) =

j3) = |az, 1) =

Ja) = |ag, ay) =

|J5) = | dy, by) =

J6) =", ca) =

) = [1,0)) =

Js) = [1, ) =

COS T4 |
sin ry

COS T2
0 Y
| sin o |

COS Lo SIN Ty
— COS' 9 COS T4
SN o9 SIN-Ty
— SIn I9'COS T4

SIN.Z'9:COS ¥4
SIN'T9 SIN Yy
— COS T9 COS Y4
| — COs T2 SIN Yy

sin To Cos Wy
Sin 9 SIn wy

—cosxycoswy |’

| — COS 22 SIn wy

0

0
sin 44
| — COS Yy
[0

0
sin wy

| — coswy

21

(36)
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Let [|j1), ..., [7s)]=

1 coszy O COSTosIiNTy  SINT9COSYy SN Ty COS Wy 0 0

0 sinzy cosTs — COSTyCOSTy SIN X9 SN Yy sin o Sin wy 0 0

0O O 0 SIN ToSIN Xy — COST9COSYy — COSToCOSW, SiNYyy  Sinwy
0 0 sinxy —sinxocosxy — COSToSINY, — COSToSIN Wy — COSYy — COS Wy

(37)
Suppose that the five-qubit set
75 = {|Clj, b]’, cj,mj>,j = 1, ceey 8}

in (35) is orthogonal to the product vector |u,v,w,yo)acppp€ C*&C?* ® C? ®
C* Hence |u,v,w) is orthogonal to some of the eight three-qubit product vec-

tors |ay, by, c1), ..., |as, bs, cs). Up to the permutation of subscripts, we may assume
that |u,v,w) is orthogonal to k product vectors’|ay, b1y 1), ., Jag, by, cx), and |yo)
is orthogonal to (8-k) product vectors |my.i);..s|ms).~~ By ‘checking the expres-

sion of Ty, one can show the property that. each column_of the matrix of 7y has
at most two identical elements. In particular, the.set {|a;)} has at most two
identical elements, and the set {|b;}},~{|c;)} has\no identical elements. So we
obtain k < 5, and it suffices to study. the case k = 4. Hence, |u,v,w) is orthog-
onal to exactly four of the eight preduct-vectors |ai, b1, c1), ..., |as, bs, cs). At the
same time, |yg) is orthogonal to four ofthe eight product vectors |mq), ..., |ms).
So the four vectors form.a 4. x4 singular matrix, which has rank at most three.
However, by applying~Matlab to (matrix (37), we have shown that such a ma-
trix does not exist. Henee, the product vector |u,v,w,y9)s.c.p.5p does not exist.
We have proven that-Ty =_{|ay,b;,c;,m;),j = 1,...,8} is a four-partite UPB in
Ha.c.p:pp = €20 C* @ C*e C.

(X) When we merge.the system BE of the set Tjp in (21), we switch column
E— B —“%A—C— D — E of the set T, and obtain the matrix in (38).

(0 000 0]
0 as; 0 1 ay
as ay a; asz 1
az 1 ay a a)
a’2b51b3b4
ah ¢ 1 by ¢y

(38)

1 & a) c3 b
/ / / /
1 b5 a) 5 ¢y




The first two columns of (38) consists of the following eight rows.

1) =

|l2) =

|l3) =

L) =

|l5) =

|l6) =

Iz} = 11,¢5) =

|l8> - ‘1abl5> -

1

0
‘O7O>_ O )
0

COS Tg
sin ZL’5
‘0 CL5

COS X9 sin Ty
1\ __ | = COS T2 COS X5
‘a27 CL5> - : : )
S111 9 SIN T'5

— SN 25.COS X5

0

COS T9
‘aQ, 1> - 0 )
Sin 9

SIN.Z5'COS Y5

Sin's sin ys

\al% b5> = Y J
— COS T COS Y5

| — COs T2 SIN Y5
[ sin 29 cos ws
sin o sin ws

/ _
jaz, ¢5) = | _ COS 9 COS W5

| — COs 22 SIn ws

0
0

sin ws

— COS W

sin ys

| — cos ys

23

(39)
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Let [|l1), ..., |ls)]=
1 cosxs cosxysinxs 0 SIN T COSYs  SIN T COS W 0 0
0 sinxs — cosTsCOST5 COSTo SN Xo SN Ys sin &9 sin ws, 0 0
0 0 sin @9 sin s 0 —cosxycosys —CosSTyCcOSWs Sinws — Sinys
0 0 —sinxocosxs Sinxy — COSToSINY; — COS T SIN W5 — COS W5 — COS Y

(40)
Suppose that the five-qubit set
7~10 = {’CLJ', bj, Cj, nj>,j = 17 ceey 8}

in (38) is orthogonal to the product vector |u,v,w,yio)s.c.or € C2RC? 2 C? ®
C*. Hence |u,v,w) is orthogonal to some of the eight.three-qubit product vectors
la1,b1,¢1), ..., las, bs, cs). Up to the permutation of subscripts, we may assume that
|u,v,w) is orthogonal to k product vectors |ay,bi;ye1)s ..., |ar, b, ck), and |y10) is
orthogonal to (8-k) product vectors |ngi1),..|ns). By checking the expression
of Tig, one can show the property that each column of the matrix of 7, has at
most two identical elements. In particular, the set {{a;)} has at most two identical
elements, and the set {|b;)}, {|c;)} hasno identical elements. So we obtain k < 5,
and it suffices to study the case & ="4. Hence.|u, v, w) is orthogonal to exactly
four of the eight product vectors|aisb1, ¢1),...4 |as, bs, cs). At the same time, |y10)
is orthogonal to four of the eight product vectors |ni), ..., |ng). So the four vectors
form a 4 x 4 singular matrix, which“has rank at most three. However, by applying
Matlab to matrix (40)swe have.shown that such a matrix does not exist. Hence,
the product vector |wv,w, Y1) a:6.p. 55 does not exist. We have proven that Typ =
{laj, b;,cj,n;), j = 1,5 8} is a four-partite UPB in Ha.c.p.pr = C?@ C* @ C*® C*.
[]
So we have managed to'construct a family of real four-partite UPBs of size eight,
by using.the existing five-qubit UPBs. It remains to show whether the real UPB
in Theorem 2 ¢an be extended to complex field. Our primary investigation shows
that it might be true by using the similar technique in the above proof.

V. APPLICATION

In\ this section, we apply the results in the last two sections. We shall construct
two families of multipartite entangled states, which have positive partial transpose
(PPT). A bipartite state p € B(C" ®@ C") := B(H 4 ® Hp) is a positive semidefinite
matrix of trace one. The partial transpose of p is defined as p" = 37, (|i)}k| ®
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Dp(|7)k| ® I) with the computational basis {|j)} € C™. We say that p is a PPT
state when p' is also positive semidefinite. For example, the separable state is
PPT, because it is the convex sum of product states. On the other hand, the
PPT state may be not separable when min{m,n} > 2 [38, 39]. The examples of
two-qutrit PPT entangled states were constructed in 1980s, and then introduced in
quantum information [40-42]. Next, two-qutrit PPT entangled states of rank four
were fully characterized in [43] and [44], respectively. In contrast, the construction of
multipartite PPT entangled states and their investigation in terms of éntanglement
theory is more involved. A systematic method for such a construction'is to employ
an n-partite UPB {|u;)}j=12,. m € Ch @ ... ® C%. That is, one can’show that

p= 5 (1= ) ()

is an n-partite PPT entangled state of rank d;...d;, —m. In.Theorems 1 and 2, we
have constructed respectively two and six UPBs. Every one of them can be applied
to (41) and generate a PPT entangled state p. < For example, we demonstrate a
4 x 2 x 2 PPT entangled state of rank.eight.from Theorem 1 as follows.

1
D= g(] —0,0,0,0)(0,0,0,0] =1, @s, a3, as){1 a0, ay, as| — |0, az, a3, 1)(0, as, aj, 1|

— |1, a9, a}, ay) (1, as, ay, ay| - lay)ay, Lai)ay, ay, 1, a)| — |al, 1, ag, bs){(a}, 1, as, by

- |a'17 17 as, CL4><CL1, 1,@3, CI,4| 4 |a’/17 a'/27 17 bﬁl><a,17 a,27 17 bil‘)

- %(z_p) (42)

where system A, B are merged. Further, we assume that « is the four-qubit PPT
entangled state having the same expression as that of p.

We investigate the geometric measure of entanglement of states p and « [45, 46].
For any n-partite quantum state o, the measure is defined as

G(o) := —log, max (01, eey Op| 0|01, -y O),s (43)

where |6y, ...,d,) is a normalized product state in C" ® ... ® C%. In particular,

p € B(C*® C? ® C?) means that d; = 4 and dy = d3 = 2 with n = 3, and

a € B(C?®C?® C? ® C?) means that d; = dy = d3 = dy = 2 with n = 4. Hence we
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obtain that
G(p) < G(a). (44)

So G(p) is upper bounded by G(«a). However it is not easy to compute, and also
might not be a tight upper bound. Eqs. (42) and (43) imply that, the evaluation
of G(p) is equivalent to
i 1, 02, 03| P01, 02, & 45
|51,52,53>I£((13£1®CQ®<C2< 1,02, 3| | 1,02, 3>7 ( )
for P € B(C* ® C? ® C?) in (42). To find an upper bound, w&-only consider
61,02, 03) € R* ® R? ® R? in (45). We assume that

COS V1 COS [11
COoS 11 SIn COS V. COS V.
LS it IS R b oI el PR 0

sin v cos Lo
sin 1 sin g

where v, u; € [0,27). So (45) is upper bounded by
min <51,52,53|P|(51,(52,(53>. (47)

|51,52,(53>€R4®R2®R2
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Using Egs. (3) -(12), (42) and (46), we can write up the target function in (47) as

(01, 09, O3] (\0,0,0,0><0,0,0,0| + |1, ag, aj, as) (1, as, as, as| + |0, as, aj, 1)(0, ag, aj, 1|
11, a, a3, a}) {1, as, ay, ay| + |ay, ay, 1, a)) a1, ay, 1, ay| + |ay, 1, as, by){a), 1, a3, byl
la1, 1, a3, as){a1, 1, a3, ay| + |a, ab, 1, b)) {a}, a5, 1, bg\) |01, 02, 03)

= (Cos 11 COS [i1 COS Vg COS V3)2

+ <(COS T Sin V1 COS g + Sin w9 sin vq sin ) (48)
2
(sin 3 cos Vo — COS T3 Sin 15) (oS T4 cOS I3 + Sin x4 sin V3)>
+ <(Cos T9 COS 11 COS 41 + Sin 9 cos vy sin puy)
2
(sin 3 cos Vo — COs T3 sin 1/5) sin u3>
+ ((COS T SIN V1 COS [ig + Sin T9 Sin v{8in o)
2
(sin 3 cos vy — cos 3 sin vy ) (SiNx4 COST3 —~.€OS Ty Sin 1/3)>
+ ((COS 1 sin X9 COS /1 COS 1.~ COSI.COS Ty COS Vp sin J%51 +
2
sin 1 sin 9 sinw(.Cos 1o — si 21 oS 9 Sin v; sin fu9)(Sin x4 cOS 3 — €Os T4 8in v3) sin VQ)
- ((sin T COS 1y Sin gy = ¢os 1 sin v sin o)
2
+ (€08 x3co8 15+ sin x3sin 1s)(cos yy cos V3 + sin Yy sin V3)>
+ ((cos &1 COS 1 sin p + sin xq sin vy sin o)
2
+_"(Cos T3 cos vy + sin x3sin vs)(cos x4 coS V3 + sin x4 sin 1/3))
vV <(sin 21 SIN T COS V1 COS (4] — SIN X1 COS T COS V1 SIN [ —

2
COS 1 Sin 9 Sin 1 COS fig + COS T COS To Sin vy sin s (sin y4 cos V3 — cos Y4 sin v3) sin VQ) .
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Due to the difficulty of simplifying the function f(v1, s, vs, 1, p2) in Eq. (48), we
aim to find an upper bound of the function, over the parameters v;, u; € [0,27) and
real constant x;,y;. In particular, one can obtain that

£(0,0,7/2,0, po) = (cos z)*(sin 23)?, (49)
£(0,0,0,7/2, s) = (cos x1)?(cos 23)*(cos x4)* 4 (cos x3)?(cos y4)*(sinz1)?,  (50)
f(r/2,0,m/2,7/2,0) = (cosx3)*(sin x3)?(cos 24)* + (cos )% (sin 23)? (sin z4)?,
(1)
f(v1,0,13,0,0) = (cosvy)?(cos v3)? + (sin vy )?(cos z9)?(sin 23)? +

(cos 1) (cos 29)*(sin v3)?(sin 3)2. (52)

One can show that f(v1,0,13,0,0) > f(v1,0,7/2,0,0)-="(cos 2)*(sinw3)?>. Hence
Eq. (45) is upper bounded by the minimum of (49)=(51), denoted as M. As a
result, the geometric measure of entanglement of‘p,~namely G(p) in (43) is upper
bounded by — logy(1 —M). So we have managed to evaluaté the geometric measure
of the PPT entangled state p from a family of 2. X 2 x 4. UPBs we have constructed
in this paper. The more explicit evaluation'requires a better understanding of (48).

VI.. CONCLUSIONS

We have constructed twodfamilies of multipartite UPBs. They are respectively
a 2 x 2 x 4 UPB of size/eight by using the four-qubit UPBs of size eight, as well
as a 2 X 2 x 2 x 4 UPB of size eight)by using the five-qubit UPBs of size eight.
As a byproduct, we have constructed two novel multipartite PPT entangled states
and evaluate their entanglement. A question arising from this paper is to construct
more multipartite high-dimensional UPBs using the existing multiqubit UPBs, as
it is always.a technical challenge with extensive applications in various quantum
information-tasks.
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